proportional and derivative linear feedback gains, i k ( 4 , 3 , 2 , 1  i ) are the weakly nonlinear feedback gains, and  denotes the time delay occurring in the feedback path. The corresponding autonomous system (obtained by letting 0 0 e  in equation (1)) is given by
It was shown that the trivial equilibrium of the autonomous system (2) may lose its stability via a subcritical or a supercritical Hopf bifurcation and regain its stability via a reverse subcritical or a supercritical Hopf bifurcation as the time delay increases [6] . It was found that an interaction of two Hopf bifurcations may occur when the two critical time delays corresponding to a double Hopf bifurcation have the same value. In the vicinity of non-resonant Hopf bifurcations, the autonomous system (2) was found to have the initial equilibrium solution, two periodic solutions and a quasi-periodic solution on 2D torus [7] . The primary objective of the present paper is to study the non-resonant response and primary resonance response of the controlled system (1) that results from an interaction of the external excitation and the bifurcation solutions of the corresponding autonomous system at non-resonant Hopf bifurcations of codimension two.
The remainder of the present paper proceeds as follows. In the next section, the existence of non-resonant Hopf bifurcations is briefly reviewed for the autonomous system. The reduction of the delay differential equation is concisely discussed in Section 3.
The non-resonant response is numerically and analytically studied in Section 4. Two types of primary resonance responses of the controlled system are analytically studied in Sections 5 and 6 using the method of multiple time scales. In Section 7, illustrative examples are given to show the primary resonance response of the controlled system.
Results are presented in Section 8.
Existence of non-resonant Hopf bifurcations
This section briefly reviews background materials on the existence of non-resonant bifurcations of codimension two of the corresponding autonomous system after the trivial equilibrium loses it stability. More details can be found in reference [7] .
The characteristic equation for studying the stability of the trivial equilibrium of equation (2) is given by
It is found that if 0 ) 2 (
) has two pairs of purely imaginary solutions given by
where ) are explicitly given in Section 3 of reference [7] .
Depending on the relationship of two frequencies 1  and 2  with the forcing frequency  , the nonlinear system (6) may exhibit non-resonant responses, primary, sub-harmonic and super-harmonic resonances, additive and difference resonances. The non-resonant response and primary resonance response of the system will be discussed in subsequent sections using the method of multiple scales [12] , as the closed form of the solutions to equation (6) cannot be found analytically.
Non-resonant response
In this section, the dynamic behaviour of the system in the neighbourhood of the point of non-resonant bifurcations of codimension two will be studied based on a set of four averaged equations that determine the amplitudes and phases of the free oscillation terms contributing to the non-resonant response.
First-order approximate solutions and their stability
It is assumed that the approximate solutions to equation (6) in the neighbourhood of the trivial equilibrium are represented by an expansion of the form
6 where  is a non-dimensional small parameter, and the new multiple independent variables of time are introduced according to
Substituting the approximate solution (7) into equation (6) 
the coefficients ij l in equation (6) have been rescaled in terms of 
The solutions to equation (8) can be written in a general form as The averaged equations that determine the amplitude and phases of the free-oscillation terms in equation (11) 
, a dot indicates the differentiation with respect to time 0 T , and the coefficients are not produced here for brevity.
The fixed points are obtained by setting 0
in the first two equations and the stability of the fixed points can be determined by studying the eigenvalues of the corresponding Jacobian matrix. It is easy to note that equation (11) admits four solutions, which will be referred to here as Solutions S1, S2, S3, and S4.
Solution S1 is given by
and is stable if
Solution S3 is given by
Solution S4 is a 3D torus solution given by The non-resonant response of the nonlinear system given by equation (6) 
It can be concluded that the non-resonant response of the controlled system at nonresonant Hopf bifurcations of codimension two may be periodic motion having frequency  , quasi-periodic motions on a 2D torus having frequencies  and 
Illustrative example
For a specific system with the parameters in equation (2) given by Here the third dummy parameter has been set 0 . 
Stable solution S1 exists in the region between surfaces 1 P and 2 P . Crossing these two critical surfaces leads to solutions either S2 or S3, which bifurcates from solution S1 via appearance of a zero eigenvalue. 
Primary resonance at the frequency of the first Hopf bifurcation
It is assumed that an approximate solution to the forced response of the system under primary resonances at the first Hopf bifurcation is of the general form that is given by equation (7). The frequency of external excitation is assumed to be almost equal to the 
where 1 r , 2 r , 1  , 2  represent, respectively, the amplitudes and phases of the primary resonance response at the first Hopf bifurcation.
The averaged equations that determine the amplitudes and phases of the primary resonance response at the first Hopf bifurcation can be written as 
where the coefficients are not produced here for brevity.
The steady state response of the primary resonance at the first Hopf bifurcation can be obtained by letting 1 
The amplitudes of the single solutions can be numerically obtained from equation (15) for a given set of system parameters. The stability of the single solutions is determined by the eigenvalues of the corresponding Jacobian matrix of the first two equations of equation 
where coefficients 0 c 1 c , 2 c , and 3 c , are not reproduced here for the sake of brevity. Equation (17) can be numerically solved by using the Newton-Raphson procedure. The stability of the mixed solutions can be examined by computing the eigenvalues of the corresponding Jacobain matrix of the first three equations of equation (14). The corresponding characteristic polynomial is given by
, and coefficients 1 a and 0 a are not produced here for brevity. According to Hurwitz criterion, the mixed solutions are stable
The above analysis indicates that the primary resonance response of the system (1) at the first Hopf bifurcation may be periodic motion or quasi-periodic motions on a 2D torus. 
where coefficients, 0 b , 1 b , 2 b and 3 b are not reproduced here for brevity.
The stability of the single and mixed solutions can be studied in a similar procedure to that developed in Section 5 for primary resonance at the first Hopf bifurcation frequency.
Illustrative examples
Except the amplitude and frequency of the excitation, the other system parameters are identical to those as given in Section 4. The primary resonance response may exhibit single solutions or mixed solutions. The single solution may lose its stability via a saddle-node bifurcation which leads to jump phenomena or a Neimark-Sacker bifurcation which gives rise to a quasi-periodic motion.
The co-existence of two quasi-periodic motions has been found using different sets of initial conditions. 
